SESSION FIVE
CIRCUMFERENCE AND AREA OF A CIRCLE
Outcomes
•
•
•
•
•
•
•

Participants will be familiarized with different kinds of compasses to trace circles
Learn or remember some of the principal parts of a circle: circumference, radius, diameter
Discover or verify that the ratio of the circumference to the diameter is constant for
circles of different sizes. Approximate the ratio empirically to about 3.1
Discover or verify that the ratio of the area of the circle to the radius square is also about
3.1
Understand the connection between the formulas for the circumference and for the area of
a circle
Use circumference and area of circle formulas in the context of cylinders
Relate lateral area of cone to section of a circle

Overview

The main purpose of this session is to understand the formulas for the circumference and area of a
circle and see the connection between them.

Time
10-15 minutes The sessions starts by providing compasses to participants so they can trace
circles and arcs to form beautiful patterns.
5–10 minutes

Outdoor activity. Participants form a circle by holding hands and stretching out
its diameter. Participants compare the number of people on the circle with the
number of people in the diameter.

10-15 minutes Outdoor activity. Participants step circles by walking while they keep a tight
rope around a fixed point. They determine the ratio of the number of steps
around and the number of steps in the radius.
10-15 minutes Participants cut strips of paper corresponding to circumference and the
diameter of different circular objects and compare them. Then they use
a measuring tape to determine the ratio of the circumference to the
diameter.
5 minutes
(optional)

Participants compute the circumference of a circle, given its radius or diameter.
Compute the radius of a circle given its circumference.

10 minutes

Participants estimate the area of a circle using a grid.

15 minutes

Participants cut and fit radius squares inside a circle, and estimate the ratio of
the area of the circle to the area of the radius square.

10 minutes

Participants determine the area of a regular polygon using the perimeter and the
apothem by cutting the polygon into triangles and rearranging them to form a
parallelogram.

10 minutes
(optional)

Participants explore further how circles can be approximated by inscribed
regular polygons.

15 minutes

Participants connect the formulas for the circumference and the area of a
circle by cutting the circle and rearranging it to form a shape that resembles a
parallelogram.

10 minutes

A cone from a circle.

10 minutes

Volume of cylinders with the same lateral surface.
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Circumference and Area of a Circle

Materials
Facilitator

Transparencies (Eng. & Spanish)

•
•
•

BLM 36: Table for Diameter,
Circumference, and Ratio
BLM 38: Circle in Grid
BLM 39: Circle and Radius Square
BLM 40: Circle with Radius

Compass for overhead projector
Overhead transparencies and markers
Circle for overhead projector (cut in 12 slices, 6 one
color and 6 another color)

Participant

Handouts (English & Spanish)

•
•
•
•
•
•
•

One per participant for class
BLM 34: Outdoor Activities for
Circumference
BLM 35: Relation Between Circumference
and Diameter
BLM 36: Table for Diameter,
Circumference, and Ratio
BLM 37: The Area of a Circle
BLM 40: Circle with Radius (single sided)
BLM 41: Square of the Radius (four copies
per participant, single sided)
BLM 42.1-2: Area of Regular Polygons
BLM 43.1-2: Connecting Formulas for Area
and Circumference
BLM 44: A Cone from a Circle
BLM 45: Cylinders with the Same Lateral
Area
BLM 46: Computing the Circumference and
The Reverse Problem
BLM 47.1-2: A “Thought” Experiment

•
•
•
•
•

Traditional and safety compass for each participant
Pencil and paper for each participant
String (about 8 meters) for each group of 3
Adding machine paper
Tape or pins to display strips
Tape measure in cm. for each group of 3
Assortment of objects with circles of various sizes:
Cans, flasks, bottles, cups, lids
Scissors
Glue
Calculators
8-1/2 x 11 paper, two for each participant
Colored pencils (if handout for BLM 41 is not in
color)

Activities
Preparation of Classroom

Notes

1. Prepare handouts for distribution for class activities.

Handouts can either be placed on the
tables before the session begins or passed
out at the beginning of each activity.

2. Place the name cards from last class near the front of
the room where participants can easily find them.
3. Have participant materials and handouts on the tables.

Tracing Circles with the Same Radius (10-15 minutes)
Materials:
• Traditional and safety compasses w/pencil, and
paper

Opening Activity

Although participants are quite capable to
recognize circles around them, few have
familiarity with tools to trace circles. Even
participants who are already familiar with
the traditional compass may benefit from
using some of the safety compasses used in
schools nowadays.

1. Provide participants with a compass. Let them draw
circles of different sizes. Once they feel somewhat
familiar with the tool, they will create a pattern using a
circle and several arcs with the same radius in the following If they use a safety compass, ask them to
way. Ask them to mark a point, which will be the center of a remember which hole they used.
circle. Ask them to construct a circle with the compass.
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Session Five

Activities
Tracing Circles with the Same Radius (continued)

Notes

2. If they use a traditional compass, ask them to keep the
same opening. Ask them to mark a point on the circle. That
will be the center of a new circle. Ask them to trace an arc
inside the circle as shown. They should notice that the arc
passes through the center of the original circle.

3. One of the intersections of the arc with the circle will
be the center of a new circle. Ask them to trace another
arc inside the circle.

4. Ask them to continue the process until they complete
the pattern.
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Circumference and Area of a Circle

Activities
Outdoor Activities for Circumference (25 minutes)
Materials and handouts:
• String (about 8 meters) for each group of 3
• BLM 34: Outdoor Activities for Circumference

Activity 1. A circle with people. (5-10 minutes)

1. Ask participants to form a circle with 3/4 of the
participants (for example, if there are 16 people, 12 will
form the circle). If they do not know how to do it, suggest
they hold hands and stretch out. Then have 1/4 of the
participants form a diameter inside the circle (with 12
people forming the circle, 4 would go inside).
2. Ask participants to compare the number of people in
the circle with the number of people forming the diameter.
Ask them what is the ratio of the number of people on the
circumference to the number of people on the diameter.
Usually they will realize that the number of people around
is about three times the number of people across.

Notes
BLM 34: Outdoor Activities for
Circumference is a set of instructions for
this activity. Have the participant take it
home and do the activity at home.
For this activity a group of at least 12
participants is needed.
Participants may express the relationship
by saying that the number of people on the
diameter is one-third the number of people
around. While this is correct, ensure that
they also phrase the inverse ratio.

3. Some participants will remember that π is a little more
than three, but at this stage, with the method used, there
is no point to try to describe the relation with more digits.

Activity 2. How far is it around a circle?
(5-10 minutes)

Demonstrate to the whole class.
1. Three people are needed with an eight-meter length of
string. The person who stays at the center stands still and
holds the end of the string. The walker stands beside the
center person, and then takes four paces, letting out the
string. The observer marks the starting position, then the
walker paces (keeping the string tight) and counts steps
while the center person pivots so that he or she does not
get entangled.
2. Ask participants:
• If the walker keeps walking forward keeping the string tight,
what path will he/she make?
Surprisingly, it is not always obvious to all participants that
the path will be a circle. It is an opportunity to include
terminology such as radius and circumference.
• How many paces do you think the person walking will take
around that circle.
The guesses are an indication of students’ perceptions. The
correct answer is approximately 25. The range of guesses
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Some participants will remember the
formula for the circumference and predict
using it. Sometimes participants remember
the formula for the area of the circle and
want to incorrectly use it in this context.
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Activities
Outdoor Activities for Circumference (continued)

Notes

is amazing and worth pointing out to the group. Note how
many guesses are fewer than 25, and how many are over. If Common sources of error is not holding
participants make a guess, they will usually be interested in the rope tight; the central person extending
the arm during part of the walk; not
the accuracy of that guess.
foreseeing that obstacles will be in the path
(benches, posts, other groups).
Group work
1. It is more beneficial for all participants to experience
Another mistake is to walk slowly from the
the walk themselves, especially those whose guesses
indicated a rather poor perception. Participants break into center to the outside and then increase the
speed as they walk around. When we go
groups of three and work through the problems, including
faster, the steps tend to be longer.
the first four-pace problem, and some they make for
themselves. Point out that they should make a guess before
each walk, and take turns at being center and walker.
2. Make sure participants hold the cord tight as they walk
around, and also that the person in the center turns (so
that the string does not coil around him or her), but at
the same time stays in the same place. The person at the
center should not extend his or her arm, but hold the end
of the string close to him or her. Participants need to make
sure the size of steps used of the radius is the same as the
steps to walk around.
3. Ask them to try different sizes for the radius, for
example 6 steps, 8 steps and predict in each case the
number of steps around. They can verify their prediction by
walking around.
4. During the trials, participants are usually interested in
the effect of using consistently small or large steps. They
are intrigued to discover that the relationship does not
change as step size changes.
Discussion
1. When most of the groups have completed the table,
group the class together.
• Were their guesses becoming more accurate?
• Can they see a relationship between the distance
around the circle and the distance out from the
center?
• Does this relationship work in all cases?
It seemed to be about six, even with big steps.
2. There may be much discussion about the different
answers the participants get, and about the errors of
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Circumference and Area of a Circle

Activities
Outdoor Activities for Circumference (continued)

Notes

Activity 2 (continued)

measurement that could produce these. Most results were
C = 6r, or C = 7r. However, the accuracy of the value is not
important to this lesson. What is important is the existence
of the proportional relationship between C and r. The
overall result is that each person will usually become aware
that the circumference is about six times the radius. This
is a good background on which to build an appreciation of
the formula C = 2rπ.

Measuring Circumference and Diameter of Circular
Objects (10-15 minutes)
Materials and handouts:
• Adding machine paper, circular objects of various
sizes, measuring tape, and tape (to display strips)
• BLM 35: Relation Between Circumference and
Diameter
• BLM 36: Table for Diameter, Circumference, and
Ratio

BLM 35: Relation Between Circumference
and Diameter is a set of instructions for
this activity. Have the participant take it
home and do the activity at home.

Activity 1. Using Adding Machine Paper

1. Give each group of 3 or 4 participants two circular
objects of different sizes. Make sure there is wide
variability of sizes. Give each group adding machine paper
enough to have strips corresponding to the circumference
and the diameter of the two circular objects.

The reason of using the paper strips is
because it is very helpful to develop a
visual image of the relation between the
circumference and the diameter. This
can be done from their displays of the
corresponding lengths with strips of paper.
2. Ask participants to cut a strip of adding machine paper
For many people the relation will be clear
that measures the distance around the can or another
from a table of numbers, but for others
circular object and cut the paper strip to the corresponding
a visual representation may help them
length. Let them use another strip of paper to measure the
connect the two numbers, and see that for
distance across and cut the corresponding length.
each circle, the length of one strip is about
three times the size of the other.
3. Make sure participants cut the length of the strip of
paper exactly equal to the diameter of the circular object
they chose, and that they measure the circumference of
the same circle (often circular objects have several circles;
a common error is to use different circles).
4. Display the two strips one beneath the other on the
board or another visible place so participants will be able
to compare each circumference with the corresponding
diameter. Ask participants to compare the lengths of the
two strips. What can they say about their relative size?

Activity 2. Using a Measuring Tape

1. Ask participants to measure the circumference of the
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Activities
Measuring Circumference and Diameter of Circular
Objects (continued)

Notes

Activity 2 (continued)

can or another object of their choice that contains a circleusing cm measuring tape. Let them measure the diameter.
2. Ask them to enter their value on the table in the
handout and in the table on the overhead projector. Let
them repeat the activity with other objects that have
circles of different sizes.
3. Let them observe the table with the different values
they obtained on the different objects. What can they say
about the size of the circumference compared to that of
the corresponding diameter?

If you notice values that is
obviously wrong, check with the
corresponding group.

4. Some participants will notice that the difference
between the circumference and the diameter is not
always the same. Some will notice that the values for the
circumference are about three times the values for the
diameter. Let them use a calculator to compute the ratio
of the circumference to the diameter. Ask them to report
the value to one place after the decimal point, and write
the corresponding value on the table.
5. Participants should notice that in each case the ratio c
If some of the values are not close to 3.1,
/ d is a little over 3. More precisely, it is about 3.1. When
check with the corresponding group. If
using these measurements of different circular objects and necessary they should measure again.
obtaining the ratio of the circumference to the diameter,
most people will find a ratio between 3.0 and 3.2. With
these instruments we can at best find π with two significant
digits π = 3.1. Discuss how this ratio does not depend on the
size of the circle. The value of the ratio c / d is called π.
Because of measurement error, we are not able to compute
exactly the value of π by measuring. The exact value of π
can be computed using other methods.
6. For this activity, participants may be able to measure
using cm and some may be very careful and use mm. In any
case, the number of significant digits will be two or three,
no more.
7. Explain that for many practical purposes 3.1 is a good
approximation for π. For most everyday applications 3.14 is
quite good. Some participants may remember more digits,
and calculators usually provide many more digits. However,
you may want to point out that the additional digits are not
helpful in this context because of the measurement errors
our data have in the first place.
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Activities
Area of a Circle (50 minutes)
Materials, handouts, and transparencies:
• Colored pencils (if BLM 41 is not in color), scissors
• BLM 37: The Area of a Circle
• BLM 38: Circle in Grid
• BLM 39: Circle and Radius Square
• BLM 40: Circle with Radius (single sided)
• BLM 41: Square of the Radius (single sided)

Activity 1. Counting number of squares using a grid
1. The first activity is to reaffirm the concept that area
means number of unit squares contained within the shape.
The grid will reinforce the concept that area has the same
meaning, whether the outside figure is a rectangle or a
circle or some other shape. The concept of area is the
number of unit squares, and not the formula.

Notes

Some participants will remember the
formula for the area of a circle. However,
very few will know why the formula
works, nor why the same constant π,
appears in both the formula for the
circumference and the formula for the area
of a circle.

2. Give participants the handout with the circle on the
grid, and ask them to estimate the area of the circle by
counting how many unit squares fit into the circle. Explain
that they need to count not only the unit squares that
are contained completely inside the circle but also count
fractions of unit squares and add them to the total. You
may ask them to think in ways to make counting more
efficient, for example by counting only the squares in a
quarter of the circle and then multiplying by four.

Participants who remember the value of
π with more digits tend to give that as
the answer, even though the method used
does not render but one digit. This is a
difficult concept to understand for many
participants, that giving more digits than
what are warranted by our measuring
method should be avoided. The additional
digits are not significant.

3. Participants will realize that using a grid is not very a
practical way to compute the area. The errors of counting
and estimating fractions of squares can add up significantly.
Particularly difficult is to estimate what fraction of the
square is contained within the circle for squares at the
border of the circle. There will be some variability in the
answers due to this estimation error. Answers for the
number of unit squares in a quarter of the circle will vary
typically between 18 and 20. The total area estimated for
the circle will vary thus between 72 and 80.

It is unlikely that with this method
participants obtain more than one
significant digit for the ratio of the area of
the circle and the square of the radius. That
is, using this approach, our estimate of π
would be 3.

With this method, participants will likely
obtain that the ratio of the area to the
1. The second activity related to the area of the circle,
square of the radius is about 3.1. It is
cutting and pasting radius squares, provides a better way
to compare the area of the circle to the area of the radius possible to fill the circle by cutting and
squared. Display Circle and Radius Square Each participant pasting in such a way that the estimate
is better than counting squares in a grid.
needs to have four copies of the Square of the Radius,
with one subdivided into 100 unit squares and a copy of the Using different colors for the four squares
helps participants keep track of what
Circle with Radius indicated.
squares they have already used.

Activity 2. Radius square
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Activities
Area of a Circle (continued)

Notes

2. If the first three squares are not already in color, ask
participants to color three radius squares in the handout
with different colors. Ask them to cut out the circle. Then
ask them to cut out the first square and fit it entirely
inside the circle. Then ask them to cut out the second
square and fit it inside without overlapping the previous
color. They will have to cut parts of the second square so
that there are no parts hanging out, and fit them inside the
circle.
Here is one example. Participants of course can fit the
pieces of the squares in other ways.

Some participants may make this activity
harder on themselves by trying to fit
pieces in a way that the “puzzle” looks
symmetrical or by making additional
demands. Remind them that the purpose
is only to see how many times the radius
square fits into the circle, not to make a
beautiful design.

3. Ask participants to use the entire second square before
using the third square. They will continue with the third
square. They need to make sure there are no overlaps and
that there are no parts hanging outside the circle. After
they are done fitting the third square inside the circle,
they will see whether there is still room for part of the
fourth square. Ask them to save the remainder of the
fourth square and use the grid to estimate how much of the
fourth square they were able to fit.
4. Participants will see that they can fit three squares
completely and a little of the fourth one. That is, the radius
square fits “three and a little more” times into the circle.
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Activities
Area of a Circle (continued)

Notes

Activity 2 (continued)

It is convenient to use a radius of ten units and the
corresponding ten by ten grid to draw the fourth radius
square. By counting how many of the little unit squares of
the fourth radius square were actually used, they can see
that the ratio of the areas of the circle and the radius
square is about 3.1.
5. Remind them that they need to fit all three of the first
squares completely before using part of the fourth square.
The second square does not require much cutting, but
usually for the third square a lot of cutting and pasting will
be needed. You may want to direct participants as to how to
cut the fourth square to fill the remaining gaps, so that it is
easy to estimate how much of the fourth square was used.

Connecting Area Formulas of Circles to Polygons
(10 minutes)
Materials and handouts:
• Scissors
• BLM 42.1-2: Area of Regular Polygons
The goal of this activity is to understand why the π of
the circumference also appears in the formula for the
area. Although the underlying idea that is used is that of
limit, most participants are able to make the connection.
However, it helpful to do an activity with polygons first,
where there is no need to discuss limit.

Approximation with regular polygons.

1. Each participant should have the handout for the area
of regular polygons. The purpose is to find a formula to
determine the area of a regular polygon using the perimeter
and the distance from one side to the center of the regular
polygon. This distance is called the apothem.
2. Ask participants to cut the polygon into triangles along
the continuous lines (NOT the dotted lines). Once all
participants have cut out all the triangles, ask them to put
four triangles of the same color, so that their bases are on
a same line, as shown in the handout.
3. Now ask them to put the triangles of the other color
“upside down” to fill in. They will form a parallelogram with
the triangles of two colors.
4. Ask them to compare the length of the base of the
parallelogram with the perimeter of the original polygon.
They should realize that the base of the parallelogram is
one half the perimeter of the original polygon.
66

It is convenient to have some additional
handouts of BLM 42.1-2: Area of Regular
Polygons in case a participant cuts the
polygon along the wrong lines.

It is helpful to provide participants with
a regular polygon of two colors (as in the
handout), so that they can alternate colors
when they rearrange the triangles.
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Activities
Connecting Area Formulas of Circles to Polygons
(continued)

Notes

Ask them to write an expression for the base of the
parallelogram in terms of the perimeter of the polygon.
5. Ask them to compare the height of the parallelogram
with the indicated height of each triangle, that is, the
apothem of the original polygon. They should realize that
the height of the parallelogram is the same as the height
of the triangle, that is, the height of the parallelogram is
equal to the apothem of the polygon. Ask:
What is the area of the parallelogram compared with the area of
the polygon?
They should realize the areas are the same because both
shapes use the same eight triangles.
At this point you may want to remind them
6. Let them write an expression for the area of the
that the area of a parallelogram can be
parallelogram in terms of the perimeter and the apothem of
computed as base times height.
the polygon.
7. Let them write an expression for the area of the
original polygon in terms of the perimeter and the apothem.
This will set the stage for later when they
They should be able to state that one half the perimeter
discuss the formula for the area of the
times the height of the triangle will give the area of the
circle in terms of the circumference and
polygon.
the radius.
8. An alternative approach is to use two polygons, one
of each color. In that case the area of the obtained
parallelogram will be twice as big as the area of one of the
polygons. The advantage of this approach is that polygons
with odd number of sides can be used without having to cut
one of the triangles in half.

Connecting Formulas for Area and Circumference
(15 minutes)
Materials and handouts:
• Colored pencils
• BLM 43.1-2: Connecting formulas for Area and
Circumference

Some participants find it difficult to
follow the reasoning when only variables
were used. An example with actual
numbers attached can help them follow
the reasoning for that particular case.
1. Participants need to see for themselves how the circle
However, because no particular properties
is cut into slices and reassembled into a “parallelogram”.
of the specific numbers are used, the
This is better done with a circle that is not cut into too
reasoning will be very similar to the
many pieces. This can be illustrated with a circle that is cut general reasoning using variables, and thus
into eight or 12 pieces. Coloring the perimeter of the circle the particular case can be a stepping-stone
will help them see how half the perimeter is on the “base”
towards the more abstract reasoning.
of the “parallelogram” and the other half of the perimeter
is on the other upper side.
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Activities
Connecting Formulas for Area and Circumference
(continued)

Notes

2. When the number of slices is big, this activity is best
conducted as a “thought” experiment. There is no point in
actually cutting because it would be too time consuming
and there would be also errors in cutting and reassembling.
Some participants will need help seeing where the outside
of the circle appears in the parallelogram. Use of color
again on an overhead transparency can be helpful.

A Cone from a Circle (10 minutes)
Materials and handout:
• Scissors
• BLM 44: A Cone from a Circle
1. Ask participants to cut one of the circles in the
handout, and to cut along the marked radius. Then ask them
to slide the circle onto itself. Part of the circle will overlap
onto itself and it will form a cone. If the circle overlaps
slightly a flat cone will result. If the overlap is more, a
pointed cone will result. The cone does not have paper on
the base, only on the lateral surface.
2. Ask participants to mark the overlap and extend the
circle again. The lateral surface of the cone will be equal to
the corresponding sector of the circle

Connections: Cylinders with the Same Lateral Areas
(10 minutes)
Materials and handouts:
• Two identical sheets of paper, 8.5 inches by 11
inches and glue
• BLM 45: Cylinders with the Same Lateeral Area
Supplementary handouts:
• BLM 46: Computing the Circumference and The
Reverse Problem
• BLM 47.1-2: A “Thought” Experiment
1. Give participants two identical sheets of paper, 8.5
inches by 11 inches. Ask them to form a tall cylinder with
one of them by joining and gluing the two long edges of the
rectangle. There should not be any overlap when joining the
edges.
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This activity can also be done in the
session on volume. It is included here
because participants can use what they
learned about circumference and area of a
circle.
The cylinders have only the lateral surface,
with no base and no top. That is they look
like a pipe rather than an unopened can.
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Activities
Connections (continued)

Notes

2. With the other sheet ask them to form a shorter
cylinder by joining and pasting the shorter sides of the
rectangle. Ask them which of the two cylinders do they
think will have the bigger volume.
3. They can make an experiment and fill the long skinny
cylinder first with packing material and then pouring the
content into the other cylinder. This can also be done very
effectively as a class demonstration. Many people are
surprised by the result.
The instructor can guide participants to compute the
volumes of the two cylinders to understand the result.
4. Let participants find the circumference of the base of
the tall cylinder (8.5 inches). Ask them what is the height
of the cylinder (11 inches).
5. Let participants find the circumference of the base of
the short cylinder (11 inches). Ask them what is the height
of the cylinder (8.5 inches).
6. Ask participants to compute the radius of the base of
each cylinder. (8.5 ÷ π ≈ 2.7; 11 ÷ π ≈ 3.5)
7. Let participants find the area of the base of each
cylinder. Let them remember that the area of a circle is
given by πr2, that is, multiplying the radius by itself and
then by 3.14. (Area base tall cylinder ≈ 23 sq. inches; area
base short cylinder ≈ 38.5 sq. inches)
8. Let participants find the volume of each of the
cylinders. (Volume tall cylinder ≈ 253 cubic inches; volume
short cylinder ≈ 327.4 cubic inches).

Remind participants that the volume of a
cylinder can be computed by multiplying
the area of the base times the height.

Are their results consistent with the result of the
experiment?
9. The supplementary material, Computing the
Circumference and The Reverse Problem, and A
“Thought” Experiment, is for groups that move at a faster
pace than other groups in the class.

If not completed in class, these activities
can be done at home.
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Activities
Closure
1. The approximate value of π can be found by measuring,
but participants need to realize that the number of
figures depends on how coarse the measurement method
is. With the circle made with people all they can say is
that the ratio of circumference to diameter is about 3.
By measuring cans carefully they may estimate the ratio
of circumference to diameter as about 3.1. In the case of
area, counting squares on a grid would only allow to estimate
the ratio of the circle to the radius square as about 3. By
cutting and pasting radius squares carefully, participants
may estimate the ratio closer to 3.14.
2. The connection between the two formulas is not
automatic. Participants need to be guided to see why the
same constant π appears in both formulas.

Take Home Activities
With the exception of the circle formed by 12 or more
participants, participants can conduct all other activities
with their own children, depending on their age.

Preparation for the Next Session
Collect name cards for use in the next sessions.
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